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Impossible problem in complex geometry

Impossible problem. Classify all compact complex manifolds.

A complex manifold is (M, J), where
e M is an even-dimensional smooth manifold,

e J: TM — TM is an (integrable) complex structure.

We stratify the landscape using invariants.

In this talk: invariant = admitting “special” Hermitian metrics.
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Kahler manifolds

A Hermitian metric on (M, J) is a Riemannian metric g on M
satisfying
g(J, 1) =g().
The fundamental 2-form of g is w := g(J-, ).
We say that a Hermitian metric g is Kahler if dw = 0.

We say that a complex manifold (M, J) is Kahler if it admits a
Kahler metric.

e Tori C"/A.
e Projective space P".
e Any complex curve.

e Submanifolds of Kahler manifolds are Kahler,
~> Projective complex manifolds are Kahler.
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Balanced manifolds

A Hermitian metric g on (M?", J) is balanced if

d(w" ) =0, where WP =wWA-- AW,
—_—

n—1 times

Kahler = balanced: dw" ! = (n—1)dw A w" 2.

If dwk =0 for some k =1,...,n— 2, then dw = 0 (Popovici).
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Example: lwasawa manifold

1zt 28
H3(C) = 0 1 22|:z5ecC
0 0 1

G = H3(C) has a complex structure Jgig via G = C3.

Jstq is bi-invariant: left and right translations are
biholomorphisms. In particular, Jsq is left-invariant.

I = H3(Z][i]) is a cocompact lattice: M =T\G is compact.
Jstg descends to a complex structure Jiq on M =T\G.

(M, Jstg) admits no Kahler metrics.

o w=iY7_ ek A&k satisfies dw? = 0, where
el = d7?, £? = dz°, e3 = dz8 — Z1d72.

w is left-invariant, ~ (M, Jgq) is balanced.
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Pluriclosed manifolds

A Hermitian metric g on (M, J) is pluriclosed if 99w = 0.

Kahler = pluriclosed: dw= 0w + Ow .
~N =~
eNZl  gAL2

dw=0 < Ow=0 < wisKihler.

Theorem (Gauduchon). Every compact complex surface admits
a pluriclosed metric.

Example. Hopf surfaces are pluriclosed but not Kahler.
1
(M, J) = (C\{0})/Z, k- (z,2%) = (2}, 2").

M Zgifreo ST X S® o by (M) =1~ (M, J) not Kahler.

6/12



The Fino—Vezzoni conjecture
If (M, J) is Kahler, then it is both balanced and pluriclosed.

Conjecture (Fino—Vezzoni): If a compact complex manifold is
both balanced and pluriclosed, then it is Kahler.

Remark: If a metric w is both balanced and pluriclosed, then w is
Kahler (Popovici).

The conjecture is obvious in complex dimensions 1 and 2.
Remark: Compactness cannot be dropped (Freibert—Swann).

Theorem (Fino—Vezzoni). The FV conjecture is true for
(T\G, J), where G is nilpotent, I' is a cocompact lattice and J is
left-invariant.

Theorem (K). The FV conjecture is true for (I'\G, J) where G is
semisimple, I is a cocompact lattice and J is regular.
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Left-invariant complex structures
Let G be a real Lie group, g the Lie algebra of G.
Left-invariant J is encoded by J: g — g.
J: g(C — gC diagonalisable ~~ g(c = g% g%,
where g1 and g%! are the +i and —i eigenspaces, respectively.
Jintegrable ~ g% and g% are subalgebras.

Tool 1. Left-invariant J on G is encoded by g'°.

Tool 2. Let [ be a cocompact lattice of G, and M =T\G. Fix a
left-invariant J on G. TFAE:
e (G, J) has a left-invariant Kahler/balanced/pluriclosed metric.
e (M, J) has a Kahler/balanced/pluriclosed metric.
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Complex Lie groups

Proposition. The FV conjecture is true for (IM'\ G, Jstq), where
(G, Jstd) is a complex Lie group, i.e. Jgq is bi-invariant.

e The complexification of g is g* = g ® 3,
o J:g® — g€ is given by (X, Y) — (iX, —iY).
e gl =gd0and g% = 0@ g are ideals.

Let w be any left-invariant Hermitian metric. Let Ex be an

orthonormal basis for g2® with dual basis €.

w:iZek/\Zk, [EJ-,Ek]:kag, dsez—ZkaeJ‘/\ek.
3

j<k

e w is balanced & trad(E;) =0, i.e. G is unimodular.

e wis pluriclosed < [E;, Ej] =0, i.e. G is abelian.
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Real semisimple Lie groups

Let G be a real semisimple Lie group, i.e. g is a sum of real simple
Lie algebras.

e Real simple Lie algebras are classified.

e Every semisimple G admits a cocompact lattice I'.

o If Jis left-invariant then (I'\ G, J) is not Kahler.

The Cartan involution of g is the unique involutive automorphism
0 : g — g such that —B(-,0-) is positive-definite.

We say G is inner if @ : g — g is an inner automorphism.

e For compact G, 0 = Idg, so compact = inner.

e If G is complex, then G is not inner (Knapp).
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Regular complex structures

Fix a real semisimple Lie group G. A left-invariant J on G is called
regular if there exists a Cartan subalgebra § of g such that

Joad(X)=ad(X)oJ V¥Xe€b.

Remark. The right translations of H < G with Lie algebra b are
J-biholomorphic.

e On compact G, Samelson complex structures are regular.
e On inner G, all left-invariant Js are regular (Snow).
e Snow classifies all regular J, these always exist on G2".

e Left-invariant Js are not classified in general.

Example. If (G, Jsq) is a complex Lie group, then Jgq is regular.
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Main result

e On compact G2", left-invariant pluriclosed Js are classified by
(Lauret-Montedoro), and these always exist. There are no
balanced Js on G (FGV).

e On inner simple G2", (Giusti—-Podesta) construct a
left-invariant J such that (I'\ G, J) is balanced but not
pluriclosed.

Theorem (K). For any semisimple G, cocompact lattice I, and
regular J, (M'\ G, J) is exactly one of the following:

e Balanced.
e Pluriclosed.

e Neither balanced nor pluriclosed.

Example. There is a left-invariant J on G = SL(2,R) x SL(2,R)
such that (I'\ G, J) is pluriclosed but not balanced.
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